Exercise N.6
Enrico Iacopini
Exercise
In a bidimensional Hilbert space, e; and e> form
an orthonormal basis.
@ Consider the system of the two vectors
ai =e; +1e> and a =1e1 — eos.
Do a; and a> form a basis ? Explain.

@ Show that
f—i(e + e2); f—i(e —e3)
1 \/§ 1 2) 2 \/5 1 2

form an orthonormal basis.

@ Write the 2 X 2 matrix A that allow to
express the vectors f; in terms of the vectors
€;, ie. f; = Ajz-ej; 2,7 =1,2.
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@ The two vectors a; = e; + 1e> and
a> = i1e; — e, are proportional, in fact
e> = 1 e1 therefore they do not form a basis.
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@ The two vectors a; = e; + 1e» and

az
€2

@ Concerning

< fi|fy >

< fo|fy >

7€e1 — €5 are proportional, in fact
17 e1 therefore they do not form a basis.

the vectors f; and f>, we have

1

§(< eller >+ < ejlex > +
< exer >+ < eglex >) =
%(1+o+o+1):1

+

1
§(< e1|e1 > — <K e1|e2 > —

— < eer >+ < eqlex >) =

= %(1—0—o+1)=1

2/4
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1
< fi|fa > = §(< eller > — < eilex > +
+ <esler > — < exex >) =
= %(1—04—0—1):0
<folfi > = < fi|fa >*=0

so they do form an orthonormal basis.
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Since, by definition, we have
f—i(e + e2); f—i(e —e)
1 3 1 2); 2 3 1 2

the matrix A for which f; = Aj;e; reads

1 1 1
a= (1 1)



