Exercise N.3

Enrico Iacopini

Exercise

Evaluate the expectation values < £ > and

< p >, together with the standard deviations oz
and op on the physical state represented by the
w.f. Wn(x)

Yn(x) = \Esin (?) for 0<z<a

and verify the uncertainty relation.
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Solution

Enrico Iacopini

Since all the ¥, have a definite parity with
respect to a/2, |¥|? is even with respect to a/2
and, therefore < £ >= %:

a 5 a
<:r>=/O azx |Yn(x)| -x:a
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Solution

Enrico Iacopini

@ Since 9, describes a stationary state,
< x > is time-independent (= a/2, as we
have already seen ...), and therefore

a
<’D>—mE<ZE>—O
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N
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Enrico Iacopini

@ Since 9, describes a stationary state,
< x > is time-independent (= a/2, as we
have already seen ...), and therefore

a
<p>= ma <z >=0
@ Directly, we have
. AdYn
- _ ﬁ,/d, . <_> —
<p> 7 T Yy Az

= —ih= / azx sin (nwa:) nm cos (@)
a a a

_ ﬁ,'mr/ 4z sin <2n7r:1:>

a
and the integral, being made on an integer
number n of periods, is always equal to zero.
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N
Solution

Let us, now, evaluate < z2 >. We have Enrico Tacopini

2 a
<:132>=/d$|¢n|2-:1:2=—/ d:ansin2<w>=
a Jo a

2 ra 1 2
= —/ dr 2= [1 —cos( 'mr:z;)} =
a Jo 2 a

1 r@ 1 r@ 2nmx
= —/ d$$2——/ dmm2cos< )
aJo a Jo a

The first term is obviously equal to 0—2, whereas

the second one, after a double integration by
parts (see later), is equal to Then

a2
2(nm)2-

oi=<m> <D= - % =

o2 1 e
- 12 2(nm)? TT 12 2(nw)?
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Solution

Enrico Iacopini

Concerning < p? >, we notice that p2 =2m H
where H is the hamiltonian. Therefore, on the
w.f. Y¥n we will have

2 2
< p? S— 2m £y = 2m <m> :<@>
2m Qa a

But we already said that < » >= 0, therefore

=< P’ > —<p>?=<p*> = ap_ﬁT

2
1 1 nT_ p (nm)? 1 >
12 2(nm)2 12 2 =

> 0.5679hA (atn=1) > g’

=>O-mo-'p=a:\l
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Solution

Enrico Iacopini

Let us explicitly show, now, that

1/“ 5 <2n7ra:> a?
— drr“cos| ——— | = ———
a Jo a 2(n)?

In fact, the integrand can be rewritten as

5 <2n7ra:> a [ 5 <2n7ra:>} a

T cos = — |z°8sin —
a dx a 2nTm

2nﬂm>

a .
- — 2z szn(
2nT

The contribute to the integral coming from the
first term is simply

s . [2nTX
T sin
a

a
=0
0
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Solution

Enrico Iacopini

therefore we remain with the integral

1 ( a >/a ) <2n7r:1¢>
el dx T sin
a nmw/) Jo a

But, again, the integrand can be rewritten as
_ <2n7r:1:> a [ <2n7r:1;>] a
x sin = ——— |xTCcos +
a ax a 2nm

2
i a cos ( n7r:z:>
2 a

nm
and the contribution from the first term is what
we said, i.e.
a a2

1 a a 2nmxT
—|—-——)(=)—— |TCcos | —— = —
a nm 2nm a o 2(nm)?2
whereas the second term does not contribute
(integral of the cosine between 0 and 2nm).
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