Enrico Iacopini

QUANTUM MECHANICS
Appendix 1
<T> and <V> for the harmonic oscillator

Enrico Iacopini

October 2, 2019

Enrico Iacopini QUANTUM MECHANICS Appendix 1 October 2, 2019

1/ 14



N
Appendixl: <T> and <V> for the
harmonic oscillator

Enrico Iacopini

©@ We have shown already that, on any
stationary state 9, of a harmonic
oscillator, we have

< T >=<LV >=

N~
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@ We have shown already that, on any
stationary state ¥, of a harmonic
oscillator, we have

1 1 hw 1
<T>=<LV> 2< > SEn 2<n—|—2>

@ Let us show, now, that, on a generic state,

one has
<T> = %<H>+Acos(2wt+<b)
<V > = %<H>—Acos(2wt+¢)
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To prove the statement, let us start from the
following definitions/results

1 . .
ar = ——(MwZ Fi
T ompe EF )
5 — mﬁw(a+_a)
z = (a++a)
ata_ = ) a_a —L(F/—i—l)
L ﬁ,w 27 T Rw 2

arPn = Vn+ 1¥ny1; a-Yn =vVnyYn —1

Enrico Iacopini QUANTUM MECHANICS Appendix 1 October 2, 2019 3/ 14



Appendixl: <T> and <V> for the
harmonic oscillator

Enrico Iacopini

We have already shown that

T:—l A2:
2m
1 —mhw

= ———"(a+a+ — Gra_ — a_0Q a_a_) =
5 5 (G+0+ — a4 ++ )
Aw

= T(a+a_ +a_ay —arar —a—_a_)
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but
1 N 1 N 1
G+G-+a-ay = EKH_ 5) + <H+5>] =
2

= Rl

and therefore
Aw 2 Aw Aw
T = 4ﬁ,wH—Ta+a+—Ta, a— =

= T14+T24+T3
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Let us suppose, now, that the state of the
harmonic oscillator is described by the w.f.

V(z,t) = ) catn(z)e *Ent/h =

— e—z’wt/z Z cnwne—z’nwt
n
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Let us evaluate < T > on this state, at time ¢t.

The first term gives

<T1l> = /a!,a:;c;k1 ;ein‘*’t%HZs:cswse—“m =
= %;em(”_s)c;';csEs/da: Yis =

< H>

1 ) 1
= Y lenlPEn= =
2n|”| "7 2
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© Let us consider, now, the second term
<T2>Xat+a+.
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© Let us consider, now, the second term
<T2>Xat+a+.

@ We have
— hw * o1k pTNwWt —iswt __
<T2>= e dz ) chune™taral ) csse =
n S
_ hw

_ ) ewtn=s)ck g / az Yy, (a+a+yPs)
4 n,s
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But

a+a+YPs = a+\/S+ 1Yst1 =
V(s + 1)(s + 2)Ws+2
and the orthonormality of the 4, guarantees

that the integral is null if s + 2 # n or, in other
words if s Zn — 2.
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Therefore
hw
<T2> ——) ¢ cn2e®/n(n —1) =
4 n
ﬁ,w 4
= ——e?™) ¢} cn2yn(n — 1)
4 n
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Concerning the last term < T3 >x a—a—,
we have

hw , :
<T3>= - / dz ) chwne™ a_a_ ) cspse W =
n S

hw ,
=" eWtn=s)ctc, / dz Yi(a—a—_s)
4 n,s
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But

a_a_Ys = a'—\/g'l//s—lz

= /s(s —1)YPs—2

and the orthonormality of the 4, guarantees
that the integral is null if s — 2 # n or, in other
words if s # n + 2; therefore

<T3> = _hw ct_,cseWh /s(s — 1) =

4 S
hw :
= _Te—Q’Lthc:_2 Cs\/S(S — 1)
S
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It is now evident that < T3 >=< T2 >*;
therefore if we define

_/%u ;CZ Cnoy/n(n — 1) = gei"’
with A > 0 and ¢ reals, then
<T2> = ge%‘”tew
<T3> = 26_2“”56_'@

and, therefore

<T2>+4+<T3>= Acos(wt + @)
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In conclusion

<T> = <T1>4+L<T2>+<T3>=
= %<Fl>—|—Acos(2wt—|—d))

<V> = <H>—-<T>=
= %<Fl>—Acos(2wt—|—¢)

As in Classical Mechanics, the time dependence
is at twice the harmonic oscillator frequency and
the time average of < T > and < V > are both
equal to 2 < A >=1E.
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